Abstract. Strain localization in sand is modelled as the event of two-phase coexistence. Shear bands pertain to the high-strain phase of materials. And other regions outside bands pertain to the low-strain phase. Inside each phase the equilibrium equations must be satisfied. Across interfaces between the two phases, discontinuity of displacement gradient and stress is considered. And the continuity of displacement and traction is imposed. The Maxwell relation is also applied. For strain localization under plane strain, four governing equations involving five variables are derived, and the occurrence of locally-deformed bands is attributed to finding a possible minimum of loads. At this load, governing equations have physically acceptable real solutions. Via these solutions, both stresses and strains inside and outside bands and the inclination angle of the band can be all predicted. And the results are agreed well with experiment results.
(1)
The following equilibrium equations must be satisfied
where  is the first Piola-Kirchhoff stress tensor. This is two-phase equilibrium required. For continuum, the continuity of traction across interfaces must be satisfied, namely
where   + = - is a jump of a function across an interface.
Thus we apply the continuity of displacements across interfaces. That is, the jump   F must satisfy Eq. (4) (for the reason see [16] ),
where f is a vector and can be written as
The Maxwell relation is also imposed as a necessary condition
where W is the stress-work function. The Maxwell relation indicated the continuity of traction and displacements across interfaces. It ensures stability with respect to perturbations of interfaces in the reference configuration. 
Low-Strain Phase
The stress field inside the shear band under plane strain, denoted by  T , takes the form 
where c T is the confining pressure and  is the Poisson ratio. The deformation gradient for plane strain can be assumed to be 
and, from 
The associated strain, denoted by -E , is given by 
The first Piola-Kirchhoff stress tensor is 
and the strain energy is given by 
Lower Yield Point and Upper Yield Point Many experiments have revealed that sand with locally-deformed bands shows strain-softening behavior, see, e.g., the stress-strain curves in the Figure 9 
where yU 11
T and yL 11
T are the stress components in the 11 ( )-Xx axis direction (compression direction) at upper yield point and the lower yield point, respectively.
The 
High-Strain Phase
For the specimen under plane strain, we can assume that   F takes the form of
From Eq. (5) In order to obtain  T in High-strain phase, we use Drucker-Prager constitutive models for finite deformations [17] . The Drucker-Prager constitutive model is suggested initially for infinite deformations. We now broaden it to be available for finite deformations, 
where  is the friction angle. And then we obtain
and
The stress-work function for plastic phase is given by 
Governing Equations

Substituting
The above three equations can readily be deduced with the aid of the Mathematica 8.0 software. The two-phase piece-wise homogenous deformations can be in equilibrium only if Eqs. (26) N N f f when the absolute value of 11 T  attains a minimum. The physically acceptability implies that for the specimen as shown in Figure 1 , where 11 ,, N N f and 2 f . They can be solved numerically via the polynomial homotopy continuation (PHC) algorithm.
Results
As an illustration, the strain localization in sand specimen under plane strain is analyzed. The stressstrain curve of F3-sand in plane strain experiments was given in the Figure 9 (b) in [10] . The curve is used to verify our model. By this curve, some values can be easily evaluated as follows: 
. All the four solutions satisfy 11 0 fN  and 22 0 fN  . They are all physically acceptable. Without loss of generality, only the solution
is considered in the following analysis. We choose 
There is only a group of solutions in which the solution like
takes the following values 
The predicted 11 min T  value is 92.4996 KPa. Then, we can obtain stresses as follow, which are stresses inside the shear band 
which is agreed well with value of 57 measured in [10] with error of 3.7%.
Conclusions
Strain localization is the event of two-phase coexistence that can be observed in sand with strain softening. The theory on multi-phase equilibrium is suitable for the analysis of its formation. The analysis in the present paper shows that locally-deformed bands can certainly occur in sand, both left-upward shear bands and right-upward shear bands have been predicted as had observed in experiments, the predicted inclination angle of the band and the stress for two-phase coexistence are in good agreement with the experimentally measured values.
